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The nonautonomous function-theoretic
center problem
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Abstract. We study the linearizability and stability of a nonautonomous dynamical
system in the neighborhood of a neutral fixed point. Our results generalize the clas-
sical results of Schroder and Siegel in the case when the linear part of the mapping
is an irrational rotation, well known results in the rational case and the fundamental
result on the representation of the system as a translation in the neighborhood of a
fixed point at infinity.
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1. Introduction: a description of the main results and conditions
In this article we study the behavior of nonautonomous dynamical sys-
tems (NDS) which converge to a limit in the neighborhood of a fixed
point. Such NDS’s arise in many problems in the theory of differential
equations, mechanics, mathematical and statistical physics (see for ex-
ample [6]-[8]). They also arise in the theory of the Riemann (-function
[9], where with the help of an appropriate two dimensional NDS it was
shown that the (-function can be represented in the critical strip as
a product of second order matrices, this is an analogous of the Euler
product to the right of the critical strip [9]. Furthermore in [9] the
correctness of the Riemann hypothesis on the zeros of the (-function is
transformed to the study of the stability of the fixed point of this NDS.
We consider a NDS with discrete time, which is defined by a sequence

of conformal mappings F(l), F(Q)7 cee

F)y o o = () = Ar 1 F(0)(2) (1.1)
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where

n=12,... ;f(")(z) = Z f,gn)zk,
k=2

and f,gn) does not depend on z. The mappings F (n) are defined in a
fixed neighborhood of 0 &€ C. The NDS is defined by first applying F(l),
then applying I @) to it’s image, and so on. We assume that the NDS
is convergent, that is that as n — oo the sequence of mappings F(n) in
equation (1.1) smoothly approach a limit mapping

Fiz— 2 =F(2) = Az + f(2),

k
flz) =) fud" .
k=2
Furthermore, we assume f; does not depend on z,

f(2) = lim f™(z), (1.2)

n—o

and the convergence in equation (1.2) is uniform for all z in some fixed
neighborhood of the fixed point z = 0. Throughout the article we will
assume that the fixed point z = 0 is neutral, i.e. |A| = 1. The main
problem which is studied in this article is the generalization to the
nonautonomous case of the classical center problem of classifying the
behavior of the iterates of a single mapping near a neutral fixed point.
In the classical problem (first studied by Schréder [10]) the behavior
around a fixed point is studied for the iteration of one mapping. In the
nonautonomous case, this problem was first studied in [4]-[6].

We explain in what sense we want to study the center problem (CP)
for a NDS. We need to find a sequence of changes of variables

¢ = PO (z) = 21 p () pW () = 3 PR n=1,2,... (13)

(n)

(p;, ’ does not depend on z) which are analytic and invertible in a neigh-
borhood (not depending on n) |z| < ri(r1 > 0). Furthermore, the
changes of variables converge (uniformly) in the neighborhood to the
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change of variables
oC
k
(= P(2) = 2+ p(2); plz) = Y prz (1.4)
k=2

such that there exists a constant ro > 0 such that for any n € N the
mapping
D(n): P(7L+1) OF(n) o (P(’n))—l (15)

is defined in the disc ’C(")‘ < 7o and has the form
pn). ), ¢ntl) _ zeln) (1.6)

If such a sequence of change of variables exists, then we say that the
NDS defined by equation (1.1) is conjugate to a rotation or linearizable,
otherwise we say that the NDS is not conjugate to a rotation or not
linearizable. In the special case when all the F")s coincide with one
another then we arrive at the classical CP. The statement and the first
result about CP for a NDS are due to Pustyl'nikov [4]-[5], who proved
a generalization of Siegel’s theorem [11]-[12]. Namely, he showed that
under certain conditions a NDS is conjugate to a rotation if the Siegel

condition holds for the parameter A:
N =101 <epi forg=1,2,... . (1.7)

The proof of [5]-[6] assumes that condition (L) formulated below, is
fulfilled. Condition (L) characterizes the smoothness of the convergence
of the F(™ as n — oco. We note that the rate of convergence can be
arbitrarily slow. A generalization of theorem 1 from [5] is formulated
and proved in [6] (part 2, chapter V, §2) to the case when the parameter
A=A\ equation (1.1) depends on n and the mappings F() have
the form

.y o = p) (z) = Az 4 f<")(z), where

n=12..., and f(n)(z) — i flgn)zk (1.8)
k=2

where the A(™ — X asn — 00, A satisfies equation (1.7) and the infinite
product [],2 M) /A converges absolutely. In this case it is clear, that
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instead of requiring the change of variables given by equation (1.3), we
need the more general form

C(n) — P(”)(z) = lnZ +p(”)(z); p(”)(z) = Zplgn)zk; n=12... (19)

where p, — 1.

We remark that the set of A in the unit circle which satisfy condition
(1.7) form a set of full measure. In this article which we prove several
results about the CP for a NDS analogous to a classical result about
the CP.

For the first problem we consider we assume that A is not a root of
unity. In this case we construct the sequence (1.3) of changes of variables
in the form of formal power series in z so that the equalities (1.4, 1.6)
hold in the sense of equalities of formal power series.

The second problem we consider is when A = exp27iA and A is a
Siegel irrational number. We prove that a NDS is conjugate to a rotation
in the case when A is an irrational number such that for any m € Z and
any k € N the following holds:

kA —m| ™' < Cok* (1.10)

where Cy and u are positive constants not depending on m or k.

The next problems concern the case when A is a root of unity. In
this case we prove that a NDS is unstable in the sense of Lyapunov and
not conjugate to a rotation.

Finally we study the system (1.1) in inverse coordinates in a neigh-
borhood of the fixed point in the case A is a root of unity.

In the classical case the first problem corresponds to [10] (Schréder
series), the second problem corresponds to the theorems of Siegel [11]-
[12] and Bruno {1], the third corresponds to [14] and [3] and last problem
was studied in [2]. Nice surveys of the classical CP can be found in [2]
and [13]. Condition (1.10) under which conjugacy to a rotation is proven
is more general than condition (1.7) and coincides with it in the case
it = 2. The set of A &€ S! for which we have shown that a NDS is
conjugate or not conjugate to a rotation is not all of S1. The question
remains open for nonrational A & S which do not satisfy condition
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(1.10). In the classical CP the conjugacy with a rotation is proven for
all A € S' which satisfy the Bruno condition [1], and if A does not
satisfy the Bruno condition then Yoccoz has shown that there exists a
polynomial who’s leading term is Az which is not conjugate to a rotation
[15].

The classical Schrider equation

u(Az) = Mul2) + f(2), (1.11)

plays an important role in [10]. Tt is well known that in the case A
is not a root of unity this equation has a formal solution u(z), while
in the case A satisfies the Siegel condition, the solution is analytic. In
sections 3 and 4 of this paper we consider the following generalization
of Schroder’s equation:

u(Az,y +1) = Mu(z,) + f(z,y) - (1.12)

Here u(z,y) is the unknown function and f(z,y) is a fixed function
which is analytic in z in a given neighborhood of the point z = 0 and
satisfies f(0,y) = (0f/02)(0,y) = 0. Several additional assumptions are
made. We assume that the functions f(z,y) and u(z,y), considered as
functions of y, are defined on a domain ¥ < R which includes all the
points y + n,n = 1,2,... whenever y € Y. Furthermore, we assume
that the function f(z,y) converges smoothly enough to a limit function
f(z,00). This notion will be made precise later. We want to find a
solution u(z,y) of equation (1.12) which is defined for all y € Y, which
is analytic in z in a neighborhood of z = 0 (not depending on y). Fur-
thermore, for any z from this neighborhood, the function u(z,y) must
converge smoothly enough as y — oo to an analytic function u(z, o)
such that we can estimate the modulus |u(z, y)| of this solution and its
differences in y through the moduli and difference of the functions f(z,y)
(theorems 3.3, 3.4). If we reduce to the special case, when the functions
Tz, y) = f(2),u(z,y) = u(z) do not depend on y, then equation (1.12)
reduces to Schroder’s equation.

Equation (1.12) was introduced in [5] (section 2, lemmas 2.1 and
2.3) where, in the case that A satisfies condition (1.7) a solution u(z,y)
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was constructed satisfying the requirements described in the last para-
graph. In this article (§3) the solution from [5] is used to study of the
linearizability of NDS’s for all values of A except when X is a root of
unity (§4).

Another important idea which is used in this article for the proof
of the linearizability of a NDS is the correct description of the smooth
convergence of the NDS (1.1) as n — oo. For the proof of the formal
conjugacy to a rotation.(§3, theorem 4.1) it is enough only to require
the convergence of the arbitrary first differences of the functions f(™)(z):

sup ‘f("+1)(z)—f(")(z)1 <00, (1.13)
n=1 |#1<r0

However, for the proof of the analytic conjugacy to a rotation con-

dition (1.13) is not enough. We additionally to require some estimates

on the convergence of the absolute values of the higher differences of the

function f (n)(z). These estimates are quite restrictive, it is impossible

to effectively state them and they are not applicable to some natural

NDS of more general form, for example:
h
FO. 2 2 = PO () = Az + g(z) + htz) (1.14)
na
where « is an arbitrary positive constant and g(0) = dg/dz(0) = h(0) =
dh/dz(0) = 0. In [5], to overcome this problem the condition (L) was
introduced. Condition (L) consists of the following: for [z| < rg,y >
1, (rg > 0) there exists a function F(z,y) = Az + f(2,y) such that
(i) f(z,m) = f7)(2);

(ii) in the disk |z| < r¢ there exists an analytic function
f(z,00) = f1)(z) = 1m f(z,0);

(iii) the power series for f(z,y) in z begins with second order terms;
(iv) for a certain 3 > 0 the function f(z, =) has [ continuous partial
derivatives in z for 0 < z < 1, (at the endpoints z = 0 and z = 1 we
assume that one sided partial derivatives exist).
Part (iv) of condition (L) characterized the level of smoothness of
the convergence of F(™) to their limit as n — co. The main condition
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of part (iv) is the existence of { partial derivatives from the right at
the point © = 0: one can always embed the system of mappings F (n)
depending on a discrete parameter as smoothly as one wants in a system
of mappings depending of a smooth parameter such that the function
f(z,2~7) will have the needed number of partial derivatives for all z 5 0.

Condition (L) does not affect the speed of convergence of the F():
this speed can be arbitrarily slow if § in part (iv) is sufficiently large.
Condition (L) holds for the system (1.14): in this case § = 1/a and

o h(z) By
fey) =9(z) + = o = f(z,277) = g(2) + whz) (1.15)
and condition (L) holds.

For a sequence of mappings F' (n) given by equation (1.8) the fol-
lowing additional condition (in addition to (L)) is required [6] (part 2,
chapter V, §2): there exists a function A(y) such that

(v) Aln) = A0 limy o Ay) = A

(vi) the function A(y) = [[p—¢ Ay + k)/A is defined for y > 1, the
product is absolutely convergent and limy_,., A(y) = 1;

(vii) for some B > 0 the function A(zx™”) has | continuous derivatives
inzfor0<a<1.

In the theorems on the analytic conjugacy to a circle rotation and
on the stability of the point z = 0 (§4), we require that condition (L)
is fulfilled for [ = 16. In the proof of the nonconjugability to a circle
rotation and the instability of the point z = 0 of the NDS’s (1.1) or (1.8)
in the case that A is a root of unity (§4) we do not require condition
(L), but only the converges of F() to the limit mapping F.

In section 6 we generalize to the nonautonomous case the important
theorem on the iteration of a fixed mapping in the neighborhood of
an infinite fixed point (w = oo0) and its application to the study of a
conformal mapping, whose linear part is a rational rotation, near the
point z = 0 [2]. In theorem 6.1 we consider a sequence of conformal
mappings G(”), in the domain Re(w) > kg having the form

GWMM:w+1+%+¢@mLM:Lz“J,
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where b, is a constant, and g(”) (w) = O(w™2). Our main result here
is that there exists a change of variables <D(”)(w), (n =1,2,...) which
bring the mappings G to a translation by 1:

o) o G (w) = (™ (w) +1 .

In particular when all the G(%) (w) are all identical, then the »(n) (w)
are all identical and our theorem reduces to the one proven in [2]. Finally
we mention that the study of a sequence of mappings G (w) in a
neighborhood of the point w = oo is the main factor in proving the
Lyapunov instability and nonconjugability of the systems (1.1) and (1.8)
at the point z = 0 when A is a root of unity (theorems 5.1, 5.3, 5.5 and
corollaries 5.2, 5.4, 5.6).

2. Main definitions and terminology

1. Suppose that for the function h(z,y), defined for |z| < rg and y > 1,
the limit lim,_,. h(2,y) = h(z,00) exists and if the function h(z,z~9)
has s > 0 derivatives with respect to x for 0 < x < 1 then

(8w

(%)0 hiz, %) = h(z,z77) .

bz, y)l, = Bz,

= sup Ssup sup
5 0<o<s 0<z<1 |z|<rg

where

2. Let Y be an arbitrary set of reals satisfying y +n € Y forally € Y
and all n € Z* (the non negative reals). The two main examples which
are used in this work are Y = N the natural numbers and Y = {y > 1}.

3. For any natural number s we recursively define the sth difference
ASh(z,y) of the function h(z,y), defined in the domain |z| < rg,y € Y,
by:

Ath(z,y) = h(z,y +1) = h(z,y)

A2h(z,y) = ALz, + 1) — Alh(z,y)

Ah(z,y) = ANy + 1) — A Lh(z,y)
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4. Suppose that the sequence of formal power series

g(TL)(Z) = Zglgl)zk7 (n=12,...)
k>0
- (c0) _ (00) k
and the power series g'**/(2) = 374009, 2

ficients g,in) do not depend on z for all n < oo and all k. We say

are given and the coef-

the sequence g(”'>(z) converges as n — o0 to the series g(‘”)(z) =

(m) _ (o)

liry, o0 g(”>(z) if for each & > 0 we have liinn_,oo 9. = g5

5. Suppose that f(z,y) = S2o° o fu(y)2" is a formal power series in z with
coeflicients fx(y), not depending on z. We say that the formal power
series u(z,y) = Y poo up(y)2* is a formal solution of equation (1.12) if,
when it is applied to equation (1.12) then for all £ > 2 the coefficients
of z* coincide as functions of y for all y € V..

6. The fixed point z = 0 is call stable in the sense of Lyapunov for a
NDS given by a sequence of mappings F)in = 1,2,...,ifforany e >0
there is a 6 > 0 so that

‘F(”)o---oF(l)z <€
for any n and any |z| < 6.

7. The fixed point z = 0 is call uniformly stable in the sense of Lyapunov
for a NDS given by a sequence of mappings F (n). g = 1,2,...,if for any
€ > 0 there is a § > 0 and for all positive integers ng < ny so that

‘F(nl) o~--oF(n0)z( < ¢

for any |z| < 6.

3. The functional equation
We consider equation (1.12), in which u(z,y) is a unknown function,

f(z,y) = S frly)z" is a given z-analytic function in the domain
|z| <rg,y €Y and fr(y) does not depend on z.

Theorem 3.1. Suppose that || = 1 and X is not a root of unity. Suppose
further that for each y € Y the limit limy, o, f(2,y+n) = fo(z,y) exists
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and the following inequality holds:

sup ‘Alf(z,y+n) < 00 . (3.1)
n=0 l#I<70

Then there exists a formal solution u(z,y) of equation (1.12) given by

the formal power series

oo

u(z,y) =Y u(y)z” . (3.2)

© k=2
The coefficients ug(y) have the form

@)+ S (Frly+n+ 1) — fuly + )AL

n=0

and for each y € Y the limit
Jim u(z,y +n) = ue(2,y) (3.4)

exists where n € N and u(z,y) is a formal power series representing

the formal solution of the equation
Uoo(AZ,Y) = Aueo(2,Y) + foo(2,9) - (3.5)

Proof. We apply the Cauchy error estimate in the domain |z| < ry to
the z-analytic function f(z,y + n+ 1) — f(z,y +n). This yields:

Al Sy +n)
3 .

|fely+n+1) — fily+n)| < sup
o

|z[<rg

Thus, using equation (3.1), the series on the right hand side of equation
(3.3) converges, ug(y) is properly defined and the following equality

holds:
O]
DU
Here fok(y) is the kth coefficient of the z-Taylor series expansion
foolz,Y) = 529 fook(y)2F of the z-analytic function fw(z,y) in the
domain |z| < rg. The coefficient of z* in the formal power series uq,(z,y)

Jim_ug(y +n) (3.6)

IS Ugo k= limp oo Uk(y+n), thus using equation (3.6) we see that ue(z,y)
formally satisfies equation (3.5). Thus to prove theorem 3.1 we must
show that the formal power series (3.2) with coefficients (3.3) formally
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satisfy equation (1.12). This fact was proven in [5] (Lemma 2.1, formula
2.6). 0

Corollary 3.2. For any s € N the. coefficient ui(y) of the formal solution
(3.2) of equation (1.12) defined by equation (3.3) satisfies:

1
Ak — A

(A fk Z )\k 1(n+1)As+1f(y+n>)-
n=0

Aug(y) =

Theorem 3.3. We suppose the assumptions of theorem 3.1. Additionally

2md yhere A is a real number, satisfies condition

we suppose that A = e
(1.10) (with integer constant u > 0), 6 is a positive constant satisfying
0 <0 <1, and s is a natural number. Then equations (8.2) and (3.3)
define the solution u(z,y) of equation (1.12), which is z-analytic in the
domain |z| <rg(1—0), y € Y. In this domain the following inequalities

hold:

Cop! =
)| < gy s (If(ay)HZjAlf(z7y+n)\), (37)
zl=ro n=0

| Cop! %0
[Afu(z,y)| < @?ﬁ—l s <1A5f(z,y)| +3 'As+lf(z,y+n)‘>, (3.8)
zIs7o n=0

where Cy is a constant defined in equation (1.10). Furthermore equation
(3.4) holds, and the z-analytic function uy,(z,y) satisfies equation (3.5).

Proof. For any k£ ¢ N, we choose 7 € 7 such that |kA — | < 1/2.
Using 4/kA —m| < ‘)\k - 1' and equation (1.10) we get
-1 O
})\k—l. <70k”;k:1,2,... . (3.9)

Now applying the estimate (3.9) to equation (3.3) and using equation “
(3.2) and the Cauchy estimate in the domain |z| < rg(1 — 6) gives:

lu(z, y)| <
C 0o N
< Z()”‘Slup (’f(Z,yﬂ + }Alf(z,y +n)‘> ST kE(L— A)F (3.10)
o n=0 k=2
Now
Z k” 1— 9 z:: k+1 (k+2)- (k+fu)(1,‘9)k _ d‘aﬁé : (_1)#5%
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Applying this to (3.10) we arrive at inequality (3.7). We prove inequality
(3.8) completely analogously, using ASu(z,y) = Yoo 28ASuk(y) and
corollary 3.2. Finally, using equations (3.9) and (3.6), we get that the
formal power series Uy (2, y) = lim,,_o u(z, y+n) constructed in theorem
3.1 has the form

o~ fook(Y)
uoo(zvy) = :
ng Ak )

and defines an analytic function which satisfies (3.5). O

Theorem 3.4. Let Y = {y:y > 1}. Suppose the following hold:
1. A= &> satisfies equation (1.10);
2. limy o f(2,y) = f(z,00) exists;
3. for somel € N and 3 € R satisfying 8 > 2l the function f(z,z9)
has | + 2 derivatives in x in the domain |z| < 1,0 <z <1 and in this
domain for any s € N satisfying 1 < s <[+ 2 the function g—;f(z, z7h)
is analytic in z.

Then for any 0 satisfying 0 < 6 < 1 equations (3.2) and (3.3) define
a solution u(z,y) = u(z, 2~ ?) of equation (1.12) which is z-analytic, has
I partial derivatives with respect to x in the domain |z| < ro(1 —6),0<
r < 1. Furthermore in this domain the following inequalities hold:

i _
u(z,9)| < goig|fze™?)| (3.11)
o . C :
u(z ™) < gl (3.12)

where 1 < s < [, C1 1s a constant not depending on the function f and
the norm ‘f(z,:r*ﬁ)l T is taken in the domain |z| < rg,0 <z < 1.
8

Proof. 1t is clear that it is enough to consider the case when the constant
p in equation (1.10) is a natural number. Now, from the assumptions
of theorem 3.4 for 1 < s < [ + 2 the function g—;f(z,x_ﬁ) which is
z-analytic in the domain |z| < ry has

o° 0°

Hps F W) = 5o f@™?)
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as it’s z* Taylor coefficient and Cauchy’s estimate yields
85
dzs

fr(z™ )‘ ’f‘ (3.13)
i
Let o = 3~1. In the disc |2| < ro(1— ) for z # 0 equations (3.2, 3.3,
3.9, 3.13) yield

1
fu(z,y)| < — (‘f‘o-k ‘fhz (y+n)1+ﬂ> Zk;“ (1—6)"
Cou'
2gu+1 If(z ‘1 ’
This proves inequality (3.11) for z # 0. Also

ad v a|f|1
AL+ Do) 0
oA 03 ot -

as y — 0o. Thus using equation (3.3) the limit

© Lk

z
lim u(z,y) = u(z,z~?) lo=0= Z <5 J£(00)
y—oc = AR — A

exists and satisfies the estimate (3.11).
We go on to prove inequality (3.12). For this we use the following
two equations which were proven in [5] (§2, proof of Lemma 2.3):

> Col frlgro
__‘i_ \ 3.1
(here C9 is a posmve constant not depending on f) and
S
Ry Z Wv A oz o) (3.15)

Now using equations (3.13, 3.9, 3.14) in the disc |z| < rg(1 — 0) we
have the inequality:
88
Oxs

Ch+ COC'Q

[floso Z K41 —0)F (3.16)

u(zy)| <

Plugging in

o0

ST R - o)

k=2

2 o0

d
d62u Z(l B Q)k

e
T p2ptl

<
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14 T. KRUGER, L. D. PUSTYL'NIKOV and S. TROUBETZKOY

into equation (3.16) yields inequality (3.12) for z # 0. Finally, since
the function u(z,z~?) is continuous for z = 0, from equation (3.15) we
get that it is s times differentiable in z at = 0 and equation (3.12) is
fulfilled at z = 0. Theorem 3.4 is proven. O

4. Linearizability of NDS with discrete time
Our first theorem states that a NDS given by equation (1.1) can be
linearized using a change of variables given by a formal power series in z.

Theorem 4.1. Suppose X is not a root of unity and that the function
£ (2) from (1.1) satisfy the inequality (1.13). Then there exists a for-
mal change of variables C(”) = P(")(z)A7 n=12,... of the form described
by equation (1.3) which give the formal power series (1.4). Similarly
the inverse formal change of variables z = %40 (C(”)) give Tise for each
n € N to the formal equation C("+1) = P(”+1)(F(”)(V(”)C(”)))) and
formally give rise to the equation (1) = A¢(m),

Proof. To find the formal power series P(") (z) and 140 (C(”)) we must
find a formal power serics solution to the following system of functional

equations: _
vt (o) = F(ﬁ)(V(”’)(C)), n=1,2.... (4.1)

Here F(")(z) was introduced in equation (1.1) and both sides of equation
(4.1) are formal power series in (. From equation (1.3) we see that the
linear term in the series P(™) (z) are equal to z. Thus using equation
(1.1) the linear term in both parts of thie equality (4.1) are equal to A(.
Suppose now that for ahy natural £

V() = ¢+ S ok (4.2)
‘ k=2

Substituing these expressions for y(n) (¢) in equation (4.1) we will
search for the coefficient v,(cn) (k =2,3,...) which equates the monomials
with the identical power of ¢ in both sides of equation (4.1). We rep-

resent the function f (n) (z) which was defined by (1.1) as a power series
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the following way:

= ka(zrn)vfk<zan) :fén)zn ) (43>
k=2
where n = 1,2,... and fén) do not depend on z. Then, using inequal-

ity (1.13), Cauchy estimates and the definition of the sth difference
A®h(z,y) we have for each k£ > 2

Z sup Alfk(z,n)‘ < oo . (4.4)

k—1 %<0

Let k = 2. Comparing the monomial with ¢? in both parts of equa-

tion (4.1) gives that the function ug((,n) = vén)CQ satisfy the following
equation

up(AC, n+ 1) = dug((,n) + fa(¢,n) (4.5)

which has the form of equation (1.12). By (4.4) the function f(¢,n) =

f2(¢,n) satisfies condition (3.1) for ¢ = z,n = y. Thus using theorem

3.1 there exists a solution us(¢,n) = vén)CQ satisfying equation (4.5) for

which

S _ ()

n=1

We inductively assume that for each integer m > 2and n=1,2,...

that the coefficients Uén) of the series V(")(C) in (4.2) (2 <k <m) are

defined so that the monomials with ¢* in both parts of equation (4.1)
coincide and satisfy the inequality

Ulin-‘rl) B U](gn)

<00 . (4.6)

n=1
We express (4.1) in the form
vt ag = avim ) + F v ) - avg)) .

We obtain that the function u,,+1(¢,n) = vfﬂlgmﬂ satisfies the

equation
U+ 1(AC, 1+ 1) = A1 (G 1) + Frpt1 (1) (4.7)
where Fm+1(C,n) = F n) Cm‘H is a monomial, in which F( )1 is a

number, independent of C , which is the value of a polynomial function
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of f,gn)(k; =2,3,...,n+1) and vlgn)(k =2,...,m). Note that the v,(cn) are
already known by the inductive hypothesis. Using this and inequalities
(4.4) and (4.6) we see that the function f(¢,n) = Fp,41(¢,n) (for ¢ =
z,n = y) satisfies inequality (3.1) and by theorem 3.1 there exists a

() Cm+1 satisfying equation (4.7), for which

3 i) ol

solution wu,,41(¢,n) = v,,

< o0 .

In such a fashion we get the change of variables z = V(”)(C (")) =
¢ () 4 ... in the form of a formal power series beginning with the linear
term C(”). Thus the inverse change of variables C(") = p (2) =2z+...
is defined. Using equation (4.6) P converges as n — oo to the formal
change of variables (1.4) and formally solves equation (1.6). Theorem
4.1 is proven.

Next, we will formulate and prove theorems on the analytic lineariz-
ability of nonautonomous dynamical systems of the form (1.1) (theorem
4.2) and (1.8) (theorem 4.5) and obtain corollary 4.6 to theorem 4.5 on
the Lyapunov stability of the fixed point z = 0.

2miD gatisfies

Theorem 4.2. Suppose that A, from the expression A\ = e
equation (1.10). Furthermore suppose that the function F®) defined in
(1.1) satisfies conditions i)-iv) of condition (L) for I = 16 and some
B > 0. Then the nonautonomous dynamical system of the form (1.1)
is analytically linearizable in the following sense: there exists positive
constants 1,9 and a sequence of changes of variables C(") = pl) () of
the form (1.3) which are analytic in the disc |z| < r1 and asn — oo they
converge to the change of variables (1.4) in the disc. For anyn € N the
mapping D(r) — plntl) o pln) o(P(”))“1 is defined in the disc .C(”)‘ <7y
and satisfies equation (1.6).

The proof of theorem 4.2 is connected to condition (1.10) and the-
orem 3.4. The proof coincides with the proof of theorem 1 from [5] up
to the changes we will indicate here. In the same way that the proof
of theorem 1 from [5] follows from theorem 3, the proof of theorem 4.2

follows from the following theorem.
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Theorem 4.3. Consider the mapping F:(z,y) — (Z,y') of the form
2 = F(z,y) = A2+ f(2,y),y = y+1 defined in the domain |z| < rg,y > 1.
Suppose that A satisfies condition (1.10), and that the function F(z,y)
satisfies parts i)-iv) of condition (L) for | = 16 and some 3 > 32. Then,
for some r > 0 there exists a (-analytic in the disc |z| < r and y-
continuous for y > 1 function U(C,y) = ¢ +u((,y) for which

1. u(0,y) = g—g(o,y) =0 fory > 1; there exists u(¢,00) = limy_,o.(C, ¥)
and the converges is uniform in the disc |¢| < r;

2. The inverse change of variables z = U((,y) is defined for y > 1 in
the disc |¢| <r;

3. The map F expressed in the coordinates (, y is defined in the domain
IC| < r,y > 1 and has the form (' = X,y =y + 1.

It is clear that under the conditions of theorem 4.3 the change of

variables must satisfy the functional equation

UAGYy+1) = FUKy),y) -

Similarly to the proof of theorem 3 in [5] we construct a sequence
of newtonian changes of variables for the solution. For [ = 16 we intro-
duce parameters, N, €, 7, 0,(n = 1,2,...) which satisty the following
relations:

1

3
N, = N2, = N7 = —
n+1 n,; €n n 12(271 n 1) ; (4.8)

(1+27), 0, =

o |

Nl-l < 911(2,“‘4"1‘1"[) 7

where 1 € N was introduced in equation (1.10) and 7 < %7‘0.

We will use the following inductive lemma.

Lemma 4.4. Suppose that the mappings
F - { 2= Fu(z,y) = Az + ful2, )
n- y/ Fa y+1
where f,(2z,y) is a series in z Starting with second order terms, is defined

¥

for |zl < rp,y > 1 and satisfies

1. The function F(z,y) = Fp(z,y) satisfies the conditions of theorem
4.3
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2. |9z

lfnl <N5Tn for1 < p<i.

Then there exists a constant N so that if N, > N then there exists
a C-analytic and y-continuous change of variables z = V,((,y) = ( +
v (C,y) defined in the domain |(| < rp(1 — 26,,) for which the following
hold:
v,

1. Un(07y) = a_ggﬂ(oay) =0, ac < N7;29n7 hlny—aoo Un(€>y) = UTL(C? OO)
exists, and the convergence is uniform in the disc |C| < rn(1 — 20,,);

2. In the domain |(| < rpy1, 1 <y < oo the mapping

("= Froy1(C ) = A+ frr1(C )
y=y+1

?

Fo1 =V, oFy oV, {

where (' = Vn_l(z’,y + 1), is the inverse change of variables to 2/ =

Vol y+ 1), far1(0,y) = 6{?51 (0,9) = 0, and the following inequalities
hold:

’8fn+1
¢

The proof of the inductive lemma uses theorem 3.4 and inequality

fn+1(C7w*ﬁ)|<N 1t for 1< p <L,

< €p+41,

(4.8) exactly like in section 5 of [5] the inductive lemma was proven
using lemma 2.1 and 2.3 from section 2 of [5] (instead of our theorem
3.4) and the inequality N ' < 9§l+5) 4 from section 5 of |5] (instead of
our inequality (4.8)).

Using the inductive lemma we get a sequence of changes of variables
Vi,Va,... and a sequence of mappings F' = F1,Fy, ..., which for n >
1,00 = 2,¢0) = V¢t ) = (0P 4wy (0D, ), By = Vit o
F,oV,.

Thus, for n > 1 the change of variables U, 1 = VioVao---0V,
conjugates F' to F, = U, Lo FoU,. From the inductive lemma it easily
follows that if # > 0 is sufficiently small, N1 > N and the inequalities

|8 ’<61:N1_5 ,{f|p<Nfr1 for1<p<li
hold in the domain |z| < 7 = %f < ro then the mappings U, and F,, are
defined in the domain ’g’ " ’ < rn, y > 1 and the sequence of functions

Un(¢,y) in the domain |¢| < &,y > 1 uniformly converge (as n — o0)
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to the function U((,y) = ¢ + u(¢,y) for which u(0,y) = g—g(o, y) =0 and
limy, oo (¢, y) = u(¢, 00).

Thus for sufficiently small » > 0 in the disc |z| < r the change of
variables z = (+u((, y) is invertible, and by conclusion 2 of the inductive
lemma: in the domain |[{| < r,y > 1 we have lim,_.., Fi((,y) = A(, we
have in this domain the change of variables z = U((, y) brings F' to

I — A
UloFoU = lim Fn:{cl ¢ )
n—00 Yy =y +1
This completes the proof of theorem 4.3. O

To derive theorem 4.2 from theorem 4.3 we point out, that if condi-
tion (1.) holds for the sequence of mappings F®) for | = 16 and 8 >0,
then it will hold for [ = 16 and 31 = m/f, where m is an arbitrary natural
number. Thus, if the conditions of theorem 4.2 hold for [ = 16, 8 > 0,
then the conditions of theorem 4.3 applied to the mapping

p{ZzFen = s
y=y+1
will hold for [ = 16 and 81 = mg > 32 for some m. Now theorem 4.2
follows directly from theorem 4.3 with y = 1. O

Theorem 4.5. Suppose that A defined by A = g2mil satisfies condition
(1.10) and the function F\™) defined in (1.8) satisfies parts i)-vii) of
condition (L) with | = 16 and some 3 > 0. Then the nonautonomous
dynamical system defined by equations (1.8) is linearizable with a z-
analytic change of coordinates depending on time n in the following
sense. For some positive constants r1,79, there exists an sequence of
changes of coordinates C(”) = P(”)(z) of the form (1.9), which are an-
alytic and invertible in the disc |z| < ry. Asn — oo in this disc they
converge to the change of variables (1.4) and for anyn € N the mapping
D) — plrtl) g pln) o(P(”))*1 1s defined in the disc ’C(”)‘ < rg. Finally
equation (1.6) holds.

Proof. The proof of theorem 4.5 is based on the fact that using a linear
change of variables { = 6(y)z the mapping

7. { 7 =F(z,y) = Az + f(z,y)
y=y+1
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reduces to the form

(=G y) =X +gCy,y=y+1, (4.9)

where g(0,y) = g—g(o,y) = 0 and A does not depend on y and was in-
troduced in part v) of condition (L). It is easy to see that for this we
can take §(y) = A(y) where A(y) was introduced in part vi) of condition
(L). Applying parts v)-vii) of condition (L), we get that the sequence
of mappings arising from the mapping (4.9) with y = n,(n = 1,2,...)
satisfy the conditions of theorem 4.2, and thus theorem 4.5 follows. O

Corollary 4.6. If for the nonautonomous dynamical system of the form
(1.8) with the parameter A = e2mB satisfying condition (1.10) condition
(L) holds for 1 =16 and some 3 > 0 then the fived point z = 0 is stable
in the sense of Lyapunov.

Proof. Let z = (PY-1(¢c()y, FM o pin=D .. o F( 7 = 5(0) (1) =
P(”+1)(z(”)), )é(l)‘ < r9, where the change of variables P™) and the
constant ro where introduced in theorem 4.5. Then, using theorem 4.5
for any n > 1 we have

(D] = | Pt o) NER ], (4.10)
k=1
and using vi) of condition (L) we have
12" <e, (4.11)
k=1

where ¢ is a constant independent of n. Thus the corollary follows from
(1.9, 4.10, 4.11). O

Corollary 4.7. Under the conditions of corollary 4.6 the fized point z = 0
is uniformly stable in the sense of Lyapunov.
The proof of the corollary is the same as the proof of corollary 4.6.

5. The rational case
Tn this section no assumption is made on the smoothness of the conver-

gence. Our theorems are in the case that the NDS is of the more general
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form (1.8).

Theorem 5.1. If the limit function F' is not linear for the NDS (1.8)
and A 1s a root of unity then in the neighborhood of the fized point z = 0
either

(i) there exists 29 # 0 such that liminf, .o F o FM(z) = 0,

(ii) there exist positive constants €, r such that for all points z in the
ball U(0,€) except z = 0, the orbit leaves the ball U(0,71), i.e.

lim inf |[F(") o -.-F(U(z)H >

n—oo

Corollary 5.2. Under the assumption of theorem 5.1 the NDS (1.8) is
not conjugate to a rotation.

Option (ii) of theorem 5.1 occurs even for the simple linear example
FWz)y:= 1+ 1/n)z. This example shows the difference between a
NDS and a diffeomorphism: for a NDS a neutral fixed point (defined by
|Dflg = 1) can display repelling behavior.

Proof of theorem 5.1. Let F(2) = 2 + fy(z) where fy(2) = Y72 b2
and b, # 0 for some r > 2. Note that F¢ is the gth iterate of the limit
map F and is not the same as F(@. In fact, it is known that r > g+ 1[2].
We make a change of coordinates which we call the inverse coordinates:

1

W=

(5.1)

Let G(w) (resp. G (w)) be the mapping in inverse coordinates
corresponding to F(z) (resp. F (n )( )). In the inverse coordinates the
transformation F'9(z) becomes

GUw) = w — (r = b, — (r — Dhqqw /D 4 0=/ =1

(5.2)
= w6+ w0 L O 1)
where ¢, #0. Forn € Z%T = {0,1,...} let
B, = Bq(,n): = plalnt)) o plant1)
By continuity we have
g(n+1)
= 11 Az+z:b (5.3)
1=gqn-+1
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where b](-n) — bj as k — oo for all j and bg,... ,b, 1 are understood to
equal 0. In other words B (n) (z) converges uniformly to F'9(z) in a fixed
neighborhood of the point z = 0.

For n € Z*t let C(™: = C(S”): = gl ) oo Glantl) | Now

Cy = Z an w01 4 O(w'Q/(T_l)) . (5.4)

(n)

¢r+1 and thus we can say that equation (5.4) converges to (5.2). Here

(n) (n) (n)

Here ¢y’ — 1,¢," — O0fork=2,...7 — 1, ¢ — ¢ and ¢y —

we can assume that the O term does not depend on n. Of course we
()
me {gn+1,...,q(n+ 1)}, but this is not necessary for our purposes.
Let H " (c,) be the half plane which contains the point ¢, € C defined
by the line going through the origin orthogonal to ¢, (thought of as a
vector) and H ™ (¢,) the other half plane.
Now since equation (5.4) converges to (5.2) in the limit we imme-

could express the coefficients ¢  in terms of the coefficients f,gm) for

diately see that there exists a K > 0 such that for each w satisfying
|w|| > K there is a N = N(w) such that for n > N

HCTH
T

|C™w| > [Jw]| + (5.5)

Let Q be the domain of definition of G. For wg € € we consider
the sequence w,,: = GMo. o G(l)wo and the corresponding sequence
e PO oo P .

We assume that case (ii) of the theorem does not hold, namely that

sup lim sup||wg|| = oo . (5.6)
woel) k—oo
We need to show that there is a point wg € Q for which the or-
bit goes to infinity, that is limsup,_, .. ||wk]| = co. We assume the
opposite, namely for each point wg € Q the orbit stays bounded, or
lim supy,_, ., [Jwi|| = K(wg) < oo. Using equation (5.6) we can fix wy € Q
with K (wp) sufficiently large. Then for each € > 0 there is a point v € C
with [lv]| = K(wg) such that wy,, € U(v,€) for infinitely many n;.
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For sufficiently large k by equation (5.5) we have
[ ™ wa|| = o] + llerl/

Now we apply (5.5) in two cases, first assume that v € H¥(c,). Now if
n, is sufficiently large by equation (5.5) we get
[metal| 2 fon, | + lier /3 (5.7)

and the right had side is large than K (wyq) if € is sufficiently small. This
contradicts the definition of K'(wg). The proof in the case v € H™(¢,)

is similar, we just replace wn,+q by wy, ¢ in equation (5.7). O

Theorem 5.3. Under the conditions of theorem 5.1 there exisls a con-
stant R > 0 such that for every € > 0 satisfying € < R there exists a
positive integers n; = n;(€) (i =0,1) and a point z with |z| = € such that
Fn) o plua-1) o ... OF(no)(z)‘ > R.

Corollary 5.4. Under the conditions of theorem 5.1 the NDS (1.8) is not
uniformly stable in the sense of Lyapunov.

Proof of theorem 5.3. We use the notation of the proof of theorem 5.1.
We assume without loss of generality that ¢, = 1. The limit map F9 is
unstable in the sense of Lyapunov [2]. Thus, there exists R > 0 such
that for every € > 0 there is a positive integer N and a point zg with
|z0] = € such that ‘Fquo} > R. Let wy = 2", then we have

)GqN(wo)‘ < R, (5.8)
Set n1 = ng + N. We can choose ng so large that
[ctm) oo ¢ o) () — G™ (wp)| < R'7/2. (5.9)
Using equations (5.8) and (5.9) we immediately have
Ot o 00 )| < BRI/
This inequality, when rewritten is z coordinates finishes the proof. [

Now we turn back to the case that the NDS of the form (1.1). In a
special case we can prove more:
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Theorem 5.5. Assume A = 1 and 3 # 0 # fa for alln € N. The
following hold in the neighborhood of the fixed point z = 0

(i) there exists zg # 0 such that lim, F) oo FM(z9) =0, and
(ii) there exist positive constant r such that for every € > 0 there is a
point zg in the ball U(0,€) and a n > 0 such that

HF(H) O"'OF(1>(ZO)H >

Remark. The speed of convergence (expressed in inverse coordinates) of
the orbit of zg to 0 in part (i) is linear as can be seen in formula (5.12).

Corollary 5.6. Under the assumptions of theorem 5.5 the NDS (1.1) is
not stable in the sense of Lyapunov.
Proof of theorem 5.5. We use the notation of the proof of theorem
5.1. For part (i) we note that in this case the mapping (") given by
equation (5.4) becomes

Cy = w + cq(nn) + cg_)lw‘l/(r_l) + O(UFQ/(T”U) (5.10)
where cgn) — ¢ # 0 and ngt)l — ¢;41- The O term can be assumed to
be uniform in n. We can assume without loss of generality that ¢, = 1

and rewrite this as
CMw = w4148 4 D w VD Lo@ A0y L (51)
We will show that for some wg € Q and for alln € N
lwy, —wp — n|| <o(n) . (5.12)

We first assume that the NDS has the special form CMy =w+1+
§(m) . In this case, since the §(%) converges to 0 we have Y,y 5 = o(n)
and equation (5.12) follows in this case. Now suppose the NDS has the
form CMy = w + 1+ 6 + cgﬂlw‘l/(“u Set

05?1 —Cr41

C = sup
n

?

clearly C'is finite. Then the term cv(fglw‘l/ (1) contributes in the first
n steps at most C 3" 1 1/(w+k+o(k)). But there is a N > 0 such that
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for £ > N we have |o(k)| < k/2. Thus the contribution of this term is
bounded by
N-1 n

CY Yt k+o®)+ > 1/(w+ k/2)V Y
k=1 k=N

and this is of the order o(n). In the general case the term O(w‘Q/(T”l))
contributes a lower order error term and so we have shown formula (5.12)
whenever the infinite orbit w,, is defined and stays outside a sufficiently
large disk U(0, R). By continuity the region Q,:= G oo GMg
is nomempty and contains a neighborhood of the point infinity for all
n € N. Thus part (i) follows easily from (5.12).

Now we turn to part (ii). Let R = 1/r for r sufficiently small to have
Q C C\U(0, R). Consider the line Ic: = {w: Re(w) = C}. In the proof of
part (i) we showed that for any C, for sufficiently large positive values
of Im(w) the orbit w,, goes to infinity, in fact Re(w,) — co. Completely
analogously, for sufficiently large negative values of Im(w) one can show
that Re(w,) also goes to infinity. Let Si be the half strip bounded by
Im(w) = £R with Re(w) < 0. The proof of the above paragraph shows
that w, never enters the set Sp U U(0, R) for wy € I¢ for [Im(wg)|
sufficiently large.

Now we argue that for any C < —R by continuity that the orbit of
some initial point w € I must hit the ball U(0, R). Consider the orbit
L= G- .. G(l)[(; of the line I». Note that I, is always a Jordan
curve. Let Y:= liminf, . inf,c7, Re(z). We must show that ¥ > —R.
But if not, then we have a direct contradiction since equation (5.11)
implies that Y > Y +1/2. O

6. Behavior at infinity
Consider a sequence of conformal mappings

¢V g@ g (6.1)
defined on the domain Rew > kq, and having the form:

G(n):w—»w’:w+1+%+g(n)(w); (n=1,2,...), (6.2)
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where b,, is a constant such that the limit lim,,_,., b, exists and is non
infinite. Furthermore suppose that

g w)| < =5, (6.3)
|wl

where ¢ is a constant not depending on n.
In this section we will formulate and prove theorem 6.1 from which
follows that the nonautonomous dynamical system (6.1) brought to the

form

st G ) = o™ w) + 15 =1,2,...) (6.4)
using a w-analytic change of variables
sy =c" m=1,2...).

This means that in the coordinate ¢{™) the system (6.1) is a translation
by 1. In particular, when the G are all identical, the 3" are also

identical and we recover the well known classical theorem [2].

Theorem 6.1. Suppose that
Z D41 — bnllogn < oo . (6.5)
n=1

Then there exist constants k, q¢ and a sequence of analytic functions
<I>(”)(w), (n=1,2,...) which for alln > 1 satisfy:
1. The functions p(n) (w) is defined in the domain

Q = {w: Rew > k} and in this domain ‘@(”) (w) — w} <q, (6.6)

where q is a constant not depending on n;
2. GU(Q) CQ and (6.4) holds.

Proof. For any n € N using inequality (6.5) the following sum converges

- bn+s—1 - er—s
Bp= ) bl inbs (6.7)
s=1

We will need the following lemma.

Lemma 6.2. The sum A =3 "1 A, converges.
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Proof. From the definition of A, (6.7) we have

ZA ZZ n+51 n+s
n=

n=1 s=1n=1
o0 o0 1
=2 (bn — bny1) Z‘ (6.8)
n=1 s=1 §
= 3 (b — by 1)(logn + O(1)) < 0,
n=1
since by (6.5) the series in (6.8) converges absolutely. O
For n, k € N we define
SN
k = nwsel 6.9
o(k,n) ; ==, (6.9)

dn = Y A, (6.10)
and
G(n)( w) = G(n+k 1 (n+k—2) 6.0 G(n+1) o G(n) (w). (6.11)

From lemma 6.2 and equation (6.10) it is clear that the sum defining
d,, (6.10) converges and

Aoyt —dp = —Ap . (6.12)

Furthermore, from equations (6.11, 6.2, 6.3) it follows that there
exists a constant & such that if Rew > x then for all n, k € N

ReG,En)(w) > K, 5 < 1Gk” (w)l < |w| + 2k . (6.13)
From equations (6.9, 6.5) it follows that
o(k,n)| < cplogk (6.14)

for all n,k € N where ¢; is a constant, not depending on n and k.
We now want to find the change of variables &) required by theorem
6.1 in the form of a limit <I>(”)(w) = limg._ 0 @,(Cn)(w). We define the
@I(Cn)(w) by:
" (w) = G\ (w) — k — ok, n) + d,, . (6.15)
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First of all let us prove that if s is sufficiently large, then for all
n € N the sequence <I>,(€n) (w) converges as k — 0o to the analytic function
o) (w) in the domain Rew > k. Using equations (6.11, 6.2), for k > 2
we have:
n n bn k n n ntk— n
Gy =G w) = O G w) =g DG W
p o (w

From thus, using equations (6.15, 6.9, 6.3, 6.5, 6.13) we get:

n n n b’l’L
(w) ~ 9 w) = G ) - G (w) -1 - 2

_ by bn+k (i) _ (1) (6.16)
=11 +G,(€")(w) +0 0 =0 )

(I)I(jk)l

Furthermore from (6.16) we have
k-1

@,(cn)(w) — w’ < 1<I>gn)(w) - w‘ + Z
s=1

Placing this in equation (6.16) and using equations (6.15, 6.10, 6.14)

30", (w) — ol (w)‘ ~ Ologk) .

and lemma 6.2 yields:

(n) (n) 1 ! 1
O, (w) — P (w)y=b, - >+O (—)
wH o +k<k+a(k,n)—dn+q>§j)(w) k1 K2

b log k
- 7{;]“0<‘<I>,(€n)(w)’+|a(k,n)|+|dnl>f0( ng )
Thus

o{"), (w) - o\ (w)‘ < o0,

NE

1

N
I

(n

and the sequence @, " (w)(k = 1,2,...) converges to an analytic function
@(")(w). Furthermore inequality (6.6) holds for some constant q.

From the definition of G(") in equation (6.2) it clearly follows that
there is a sufficiently large constant x such that G(”)(Q) C Q where Q
was introduced in theorem 6.1. Now we will demonstrate equation (6.4).

From the definitions of <I>,(€n) (w) (6.15) and G,(gn) (w) (6.11) we have:
2 @ w) -

(n) _ (6.17)
= (wWy+1+(c(k+1,n) —olk,n+1))+dyr1 —dn ,
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for all n,k € N. Using the definition of o(k,n) (6.9) we have

bk o= bpis1 — bnos
k+1,n)—olkn+1)= 5% Steml  nte 6.18
ok +1,n)—olk,n+1) k+1+g; . (6.18)
Taking the limit as & — oo in equation (6.17) and using equations

(6.18, 6.7) yields:
oG (w)) = o (w) + 1+ An +dpyq — dy - (6.19)

Now equations (6.4) clearly follows from equations (6.19, 6.12). O

Remark. Using the functional equation (6.4) for any n € N we can
analytically continue the function ®(™ (w) to any domain © for which the
functions G (w) are defined, G(n)(ﬂ) C © and limg_, ReG,@ (w) = oo
for all w € Q.
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